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Abstract. This is a common introduction to lmath . AG/00 1 1 iTsl |math.RT/0101170|, Imath . RT/0306333L 
math.RT/0506043, math.RT/0601028 

In these papers one studies the automorphism group G of an extension F/k of algebraically 
closed fields, especially in the case of countable transcendence degree and characteristic zero, its 
smooth linear and semi-linear representations, and their relations to algebraic geometry (birational 
geometry, motives, differential forms and sheaves). 

Compared to the above references there are some new results including 

• a description of a separable closure of an extension of transcendence degree one of an alge- 
braically closed field (Proposition IA.l1 p. IllH : 

• a "Kiinneth formula" for the products with curves; 

• the semi-simplicity of the G- module of regular differential forms of top degree. 



The study of field automorpliism groups is an old subject. Without any attempt of describing 
its complicated history, let me just mention that many topological groups are field automorphism 
groups. Besides the usual Galois groups we meet here (discrete, p-adic for p < oo, or finite adelic) 
groups of points of algebraic groups. 

Let F/k be a field extension of countable (this will be the principal case) or finite transcendence 
degree n, < n < oo, and G = Gp/^ be its automorphism group. Following jJacl IPSSl ISM Hj (and 
generalizing the case jKlj of algebraic extension), consider G as a topological group with the base 
of open subgroups given by the stabilizers of finite subsets of F. Then G is a totally disconnected 
Hausdorff group, and for any intermediate subfield k C K C F the topology on Gp/K coincides 
with the restriction of the topology on G. There are maps: from the set of intermediate subfields 
in F/k to the set of closed subgroups of G, i— ^- Gpj^ '■= A.ut{F/K), and from the set of closed 
subgroups in G to the set of intermediate subfields in F/k, H i— > F^ . They are mutually inverse 
to each other in the Galois extension case. If n < oo then G is locally compact. 

Following the very general idea, not only in Mathematics, that a "sufficiently symmetric" system 
is determined by a representation of its symmetry group, one tries to compare various "geometric 
categories over k" with various categories of representations of G, 

To ensure that the representation theory of G is rich enough, F should be "big enough", e.g. 
algebraically closed. So F is "the function field of the universal tower of n-dimensional A;- varieties" , 
if n < oo. In that case each perfect subfield L of F containing k is the fixed field of the subgroup 
Gp/i^ of G, and G contains, in particular, the groups Gp/i. as its sub-quotients. 

Usually (unless it is not stated otherwise), k will be algebraically closed (in order to avoid already 
complicated enough Galois theory) of characteristic zero. 

One of the main motivations is the calculation of integrals of meromorphic differential forms 
CO on projective complex varieties. To calculate such an integral, one can transfer iv to other 
varieties via correspondences. In coordinates this looks as an algebraic change of variables. We 
may suppose that all function fields are contained in a common field F. Then the problem of 
description of the properties of the (iterated) integrals of w {of ui, . . . un) becomes related with 
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determining the structure of the G-submodule in the algebra of Kahler differentials ^p^f, (resp., in 
^F/k 'S^k ■ ■ ■ ^F/k) generated by uj (resp., by wi (g) • • • ujn)- 

For example, the irreducible subquotients of the G-module dosed closed Kahler differen- 
tials are related to the simple algebraic commutative groups over k, cf. Proposition I2.1U1 

In the opposite direction, to clarify relations, so far conjectural, between the motives and the 
cohomologies, one has to link the most interesting (from the geometric point of view) representations 
- admissible and "homotopy invariant" - and the Kahler differentials. Conjecturally, the irreducible 
ones among them are contained in the algebra of differential forms ^'p/j^, if n = oo. 

0.1. Some general notations, conventions and goals. Let F/k be an extension of countable 
or finite transcendence degree n, 1 < n < cxd, of algebraically closed fields of characteristic zero (by 
default), and G = Gp/^ be its automorphism group endowed with the above topology. 

We study the structure of G, its linear and semi-linear representations (with open stabilizers), and 
their relations to algebraic geometry (birational geometry, motives, differential forms and sheaves) 
and to automorphic representations. In particular, we look for analogues of known results for p-adic 
(and more generally, locally compact) groups. 

1. Structure of G 

It is well-known ( |Jac[ IpK^ ISh| Hj ) that the group G is locally compact if and only if n < oo. 

Theorem 1.1 ( |R lj ). (1) The subgroup G° of G, generated by the compact subgroups, is open 
and topologically simple, if n < oo. If n = oo then G° is dense in G. 
(2) Any closed normal proper subgroup of G is trivial, if n = oo, i.e. G is topologically simple. 

Remarks. 1. In fact. Theorem II. II holds for any extension F/k of algebraically closed fields of 
arbitrary characteristic, cf. |Elj . Moreover, if n = 1 and char(A;) ^ then the separable closure of 
k{x) in F is generated by the G°-orbit of x for any x G F\k, cf. |R,5j . 

2. An argument of |Laj shows that G is simple as a discrete group provided that transcendence 
degree F over k is not countable. 

3. If n < oo, the left G-action on the one-dimensional oriented Q- vector space of right-invariant 
measures on G gives rise to a surjective homomorphism, the modulus, x '■ G — > Ql^, which is 
trivial on G° . However, I do not know even, whether the discrete group ker is trivial. If it is 
trivial for n = 1 then it is trivial in general, cf. |Rlj . 

1.1. Closed, open and maximal proper subgroups; Galois theories. The classical morphism 
(3 : {subfields F over k} {closed subgroups of G}, given hy K ^ GpjiQ, is injective, inverts the 
inclusions, transforms the compositum of subfields to the intersection of subgroups, and respects 
the units: k ^ G. The image of j3 is stable under the passages to sup-/sub- groups with compact 
quotients; j3 identifies the subfields over which F is algebraic with the compact subgroups of G 

((JiaiPHHllSEllIj)- 

In particular, the proper subgroups in the image of (3 are the compact subgroups if n = 1. 
The map H i— > F^ , left inverse of /?, inverts the order, but does not respect the monoid structure. 
In |R6j , a morphism of partially ordered commutative associative unitary monoids (transforming 
the intersection of subgroups to the algebraic closure of the compositum of subfields) 

algebraically closed subfields of F 
of finite transcendence degree over k 

is constructed. It is determined uniquely by the condition Gp/a(u) ^ U and the transcendence 
degree of a{U) over k is minimal. 
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a : {open subgroups of G} 



It is shown in |R6j that for any non-trivial algebraically closed extension L ^ F oi k oi finite 
transcendence degree in F the normalizer in G of Gpj]^ (which is evidently open) is maximal among 
the proper subgroups of G. In the case n = oo any maximal open proper subgroup is of this type. 

As a consequence, one gets a complete, though not very explicit, Galois theory of algebraically 
closed extensions of countable transcendence degree (a question of Krull, ^K2j, i.e. a construction 
of all subgroups H oiG coincident with the automorphism groups of F over the fixed subfields F^ . 

Another type of closed non-open maximal proper subgroups is given by the stabilizers of rank 
one discrete valuations in the case of arbitrary transcendence degree. They are useful in relating 
representations of G to functors on categories of smooth A;-varieties, cf. ^3.11 

1.2. Automorphisms of G. The group G is quite rigid in the sense that the group of its con- 
tinuous automorphisms is "of the same size" as G. Namely, it coincides with the group of field 
automorphisms of F preserving k. If n > 2 this follows from results of F.A.Bogomolov. If n = 1 
this is shown in |K7j . 

It would be highly interesting to identify the class of "rational" representations of G, i.e. those 
whose isomorphism class does not change under any continuous automorphism of G. In particular, 
if L C -F is a field of automorphic functions (of all levels) the functor H^{Gp/i, — ) should relate 
representations of G to automorphic representations. 

2. How TO TRANSLATE GEOMETRIC QUESTIONS TO THE LANGUAGE OF REPRESENTATION 

THEORY? 

Depending on type of geometric questions we shall consider one of the following threer categories 
of representations of G: Smc D Ig ^ Adm, roughly corresponding to birational geometry over 
k, birational motivic questions (like on the structure of Chow groups of 0-cycles) and "finite- 
dimensional" birational motivic questions (such as description of "classical" motivic categories). 

2.1. SniG- Usually an "algebro- geometric datum" D over F, a universal domain over k in the sense 
of Weil, consists of a finite number of polynomial equations involving a finite number of coefficients 
oi, . . . ,aAr € -F, and the group G acts on the set of "similar" data. Then the stabilizer of D in G 
is open, since contains Gp/k(^ai,...,aN)- 

For a A:-variety X, its F-subvarieties are examples of such data. 

In particular, the Q- vector space Q[X(F)] of 0-cycles on X F is a G-module, Such represen- 
tation is huge, but this is just a starting point. 

Note that it is smooth, i.e. its stabilizers are open, so all representations we are going to consider 
will be smooth. 

Conversely, as it follows from |Rlj . Lemma 3.3, any smooth representation of G with cyclic 

/k 

vector is a quotient of the G-module Q[{k{X) ^ F}] of "generic" 0-cycles on Xp (equivalently, 
formal Q-linear combinations of embeddings of the function field k(X) into F over k), i.e., 0-cycles 
outside of the union of the divisors on X defined over k, for an appropriate irreducible variety X 
of dimension < n over k. 

Ik 

Remarks. 1. One has Q[X{F)] = ^^^x^iiK^) ^ F}], so Q[X{F)] reflects rather the class 
of X in the Grothendieck group K(){Vark) of partitions of varieties over k than X itself. 

2. It is not clear, whether the birational type of X is determined by the G-module of generic 
0-cycles on Xp. There exist pairs of non-birational varieties X and Y, whose G-modules of generic 
0-cycles have the same irreducible subquotients, cf. |Rlj . Namely, X = Z xF^ and Y = Z' x , 
where Z' is a twofold cover of Z, is such a pair. What is in common between X and Y in this 
example, is that their primitive motives (see below) coincide (and vanish). 
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However, one can extract "birational motivic" invariants "modulo isogenies", such as Alh{X), 



Denote by Smc the category of smooth representations of G over Q. 

It follows from the topological simplicity of G fTheorem ll.l[) that in the case n = oo any finite- 
dimensional smooth representation of G is trivial. 

2.2. Adm. Now consider a more concrete geometric category: the category of motives. 

(Effective) pure covariant motives are pairs {X, it) consisting of a smooth projective variety X 
over k with irreducible components Xj and a projector tt = vr^ G B'^^^^^ {Xj Xj) in the 
algebra of correspondences on X modulo numerical equivalence. The morphisms are defined by 
Hom((X', vr'), {X,tt)) = 0jjVrj • B'^^^^^{Xj X'-) ■ tt'^. The category of pure covariant motives 
carries an additive and a tensor structures: 



A primitive q-motive is a pair {X,-k) as above with dimX = q and Hom(y x F^,{X,tt)) := 
IT ■ B'^{X Xfc y X P^) = for any smooth projective variety Y over k with dimY < q. For instance, 
due to the Lefschetz theorem on (1, l)-classes, the category of the pure primitive 1-motives is 
equivalent to the category of abelian varieties over k with morphisms tensored with Q. It is a result 
of Jannsen |3] that pure motives form a semi-simple abelian category, and it follows from this that 
any pure motive admits a "primitive" decomposition ■ Mij (8> L*^* , where Mij is a primitive 
j-motive and L = (P^,P"'^ x {0}) is the Lefschetz motive. 

Definition. A representation of a topological group is called admissible if it is smooth and 
the fixed subspaces are finite-dimensional for all open subgroups U. 

Denote by Adm the category of admissible representations of G over Q. 

Theorem 2.1 f |Klj l. Adm is a Serre subcategory in Smc- 

In other words, Adm is abelian, stable under taking subquotients (this is the point in the case 
n = oo\) in the category of representations of G, and under taking extensions in Smc- 

Theorem 2.2 f |Rlj l. There is a fully faithful functor B* when n = oo: 



The grading corresponds to powers of the motive L in the "primitive" decomposition above. 

Roughly speaking, the functor B* is defined by spaces of 0-cycles defined over F modulo "nu- 
merical equivalence over k" . More precisely, B* = 0^''^^'^*^ fim Hom ([L]p''™ (8) L'^-' , — ) is a graded 

direct sum of pro-representable functors. Here L runs over all subfield of F of finite type over k, 
and [L]P''™ is the quotient of the motive of any smooth projective model of L over k by the sum of 
all submotives of type M (g) L for all effective motives M. 

Examples. The motive of the point Spec(A;) is sent to the trivial representation Q in degree 
0. The motive of a smooth proper curve G over k is sent to Q © Jc{F) / Jc{F) © Q[l], where Jc is 
the Jacobian of G and Q[l] denotes the trivial representation in degree 1. 



r(X,fi' ), out of Q[{A;(X) U F}], cf. Theorem IT^ (IM . 



(X',7r')0(X,7r) := (X' ]J X, ^' © tt), {X'y)®{X,7i) := {X' x^Xy x,,7r). 




graded semi-simple admissible 
G-modules of finite length 



So, this inclusion is already a good reason to study admissible representations. 
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Moreover, it is expected that 



Conjecture 2.3. The functor B* is an equivalence of categories. 

Of course, it would be more interesting to describe in a similar way the abelian category A4A4 
of mixed motives over k, whose semi-simple objects are pure. This is one more reason to study the 
category Adm of admissible representations of G. 



Proposition 2.4 f |Rlj ). Assuming n = oo, for any W G Adm, any abelian variety A over k and, 
conjecturally, for any effective motive M one has 
^^^MmiQ^ W) = Ext>o_^(Q, M) = 

FYfl i^^(-P) un _ Homz(A(fc),V|/G) p ,1 (fj'>^(A\ M\ - A{k)^WoM 

^^^Adm\ A(k) ' J - RomGiAiF)/A{k),W/W<^) '^^^MMi^ ) - UomMM {H^ {A),M/WoM) 

^^^fdmiMF)/Mk), W) = E^t^j^iHHA), M) = 

As A{F)/A{k) is a canonical direct "i/i"-summand of B*(yl), we see that admissible represen- 
tations of finite length should be related to effective motives. At least the Ext's between some 
irreducible objects are dual. 

2.3. Zg. The formal properties of Adm are not very nice. In particular, to prove Theorem 12.11 
and Proposition 12.41 and to give an evidence to Conjecture 12.31 one uses the inclusion of Adm to a 
bigger full subcategory in the category of smooth representations of G. 

Definition. An object W G Smc is called "homotopy invariant" (in birational sense) if 
■\j^Gf/l — \Y Pi^' for any purely transcendental subextension L'/L in Fjk. Denote by Xq the 
full subcategory in SmQ with "homotopy invariant" objects. 

Remark. In this definition it suffices to consider only L"s of finite type over k, cf. |E,lj . §6. 

A typical object of Xq is the Q-space GH'^{Xf)q of cycles of codimension q on X F modulo 
rational equivalence, for any smooth variety X over k. 

Theorem 2.5 ( |Rlj . n = oo). (1) The category Zq is a Serre subcategory in Smc- 

(2) Adm do, ^.e. any admissible representation of G is "homotopy invariant". 

(3) The inclusion Iq ^ Smc admits a left and a right adjoints 2, —^'^^ : Smc — > Tq. 

Ik 

(4) The objects C^^i^x) •= T.'^{k{X) ^ F}] for all irreducible varieties X over k form a system 
of projective generators ofTc- 

(5) For any smooth proper variety X over k there is a canonical filtration Cjt(x) D D J'^ D 
. . . , canonical isomorphisms Cfc(x)/-^^ = Q ^'^'^ J-^ /J-^ = A\h{Xp)Q, and a non-canonical 
splitting Ck(x) — Q Alb(Xi?)Q) © J^^. The term J-'^ is determined by these conditions 
together with Home (.7^^, Q) = Jiomc {J''^ , A{F) / A{k)) = for any abelian variety A over k. 

(6) For any smooth proper variety X over k there is a canonical surjection Cfc(x) — CHQ{XF)ii, 
which is injective if X unirational over a curve.^ 

(7) There exist (co-) limits inlc- 

The following two conjectures link Tq with algebraic geometry and topology, 

Conjecture 2.6 f jRlj ). If n = oo then the natural surjection Cj.(^x) — ^ CHq{X F)q is an 
isomorphism for any smooth proper variety X over k. 



in some other cases when CHq{X) is "known" 
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Remarks. 1. One deduces from Theorem r2.5l (|^ a description of the category of abelian varieties 
over k with the groups of morphisms tensored with Q as a full subcategory of Admc C Ig in terms 
of a functorial increasing "level" filtration N, on smooth G- modules introduced in |Klj . 

2. The conjecture of Bloch and Beilinson ( |B2j and [BI], Lecture 1) on the "motivic" filtration 
on the Chow groups together with the semi-simplicity "standard" conjecture of Grothendieck (as- 
serting that numerical and homological equivalence coincide for smooth proper varieties), imply 
that "numerical" equivalence coincides with rational equivalence on the cycles on Spec of the ten- 
sor product of two fields over a common subfield (|BllEl|)- If combined with Conjecture this 
would give that B* is an equivalence of categories fConiecture r2.3() . cf. also "Corollary" l2.7.1l below. 

3. Define a binary non-associative operation ®x on Smc by Wi ®x W2 ■= liWi W2)- 

It follows from Conjecture 12.61 that there is a canonical isomorphism, the "Kiinneth formula" : 
Ck{XxkY) — ^ Ck(x) '^i Ck{Y) for any pair of irreducible ^-varieties X,Y. An evidence (and an 
inconditional proof in the case when X is a curve) for this can be found in |R5j . 

It would follow from the "Kiinneth formula" that the restriction of 0j to is a commutative 
associative tensor structure, and that the class of projective objects is stable under (8)x, cf. |Rlj . 

It would be interesting to find a "semi-simple graded" version of ®x to make B* a tensor functor. 

Conjecture 2.7 f |R2j ). Any irreducible object ofZc contained in the algebra ^'p^f^ if n = 00. 

"Corollary" 2.7.1 ( |R2j ) . • If numerical equivalence coincides with homological thenM' is 

an equivalence of categories. 
• Any irreducible object oflc is admissible if n = 00. So "2g ~ Adm". 

Conjecture 12.71 is one of the main motivations for the study of semi-linear representations of G, 
cf. ^21 It has also the following geometric corollary, conjectured by Bloch. 

"Corollary" 2.7.2 (|R2l). //r(X,Jl|/J = for a smooth proper variety X over k then the 
Albanese map induces an isomorphism CHq{X)^ — > Alh{X). In that case Cfc(x) = CHq[Xf)q. 

Remarks. 1. There is a locally compact group H and a continuous injective homomorphism 
with dense image H — G such that Iq admits an explicit description as a full subcategory of 
SruH stable under taking subquotients (but not extensions). 

The category Smn may be useful in the study of left derivatives of additive functors. 

2. Zg is equivalent to the category of non-degenerate modules over an associative idempotented 
algebra, |R5j . 

2.4. Differential forms. In an attempt to compare various cohomology theories H* , one can 
associate with them some G-modules, like H*[F) := lim //*([/), where U runs over spectra of 
smooth subalgebras in F of finite type over k, or the image H*[F) in H*[F) of \miH*{X)^ where 

X runs over smooth proper models of subfields in F of finite type over k. 

Clearly, H*{F) is an admissible representation of G over H*{k). It would follow from the semi- 
simplicity standard conjecture that it is semi-simple. For instance, it replaces reference to the 
semi-simplicity standard conjecture in Remark 2 on pEl 

In the case H* = H^^^^^ of the de Rham cohomology the graded quotients of the (descending) 

Hodge filtration on ^dR/fcc(^) ^F/T^ = limcoker[i7P"i(L>, rj^'/|"^) — > HP{X,Q'^-p], where 
{X, D) runs over pairs consisting of a smooth proper variety X with k{X) C F and a normal 
crossing divisor D oxiX with smooth irreducible components. More particularly, H'^p^, = ^^/^ ^eg 
-^dR/fe c(-^) ^^^^ G-submodule spanned by the spaces r(X, fi^^^) of regular differential forms on 
all smooth projective fe-varieties X with the function fields embedded into F. 
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Proposition 2.8 ( |R5j l. Suppose that the cardinality of k is at most continuum. Fix an embedding 
L : k ^ C to the field of complex numbers. Then 

• there is a C-anti-linear canonical isomorphism (depending on l) H^J^i^k,i.C = HpJj_,0k,i.C; 

• the representation H^^i/k d^) (and thus, ^"^jf. ^^^) is semi-simple for any 1 < n < oo. 

Recall f Theorem 12. 5l|^ ). that for any W G Smc its maximal subobject of W in Zq, the "homo- 
topy invariant" part of W ^ is denoted by VF^*^). The following fact gives one more evidence for the 
cohomological nature of the objects of Zq, since ^'pi^ is the "cohomological part" of ^\pi^- 

Proposition 2.9 (^). If n = oo then {®'p^],i^)'^'^^ = ^'pj^reg- 

Proposition 2.10 ( ^R5. ) . For any 1 < n < oo the representation H^^^j^{F) modulo the sum of 
submodules isomorphic to F^ /k^ is a direct sum of ^k copies of A{F)/A{k) for all isogeny classes 
A of simple abelian k-varieties. In particular, ^^^^^ ^.^^g is semi-simple. 

This suggests that the isomorphism classes of irreducible subquotients of H*{F) can be naturally 
identified with the irreducible effective primitive motives, and that the isomorphism classes of 
irreducible subquotients of H*{F) are related to more general irreducible effective motives, such as 
the Tate motive Q(— 1) in the case of H^j^i^{F). 

3. From linear to semi-linear representations 
The representation ^'pjj^ of G is also an F-vector space endowed with a semi-linear G-action. 

Definition. A semi- linear representation of G over F is an F- vector space V endowed with an 
additive G-action G x F — > F such that g{fv) = gf ■ gv for any g £ G, v G V and f € F. 

Denote by C the category of smooth semi-linear representations of G over F. 

It is well-known after Hilbert, Tate, Sen, Fontaine... that the semi-linear representations is a 
powerful tool in the study of Galois representations. We try to use them in non-Galois context. 

In some respects C is simpler than Smc- In particular, it follows from Hilbert's Theorem 90 
that the category C admits a countable system of cyclic generators: F[G/GpiK^]-, where Km is a 
purely transcendental extension of fc in F of transcendence degree m. 

Once again, we are interested in linear representations of G, especially in irreducible ones, and 
more particularly, in irreducible "homotopy invariant" representations, i.e. objects of Zq. 

The problem of describing (the irreducible objects of) Smc could be split into describing (the 
irreducible objects of) C and their linear submodules. 

For example, all representations A{F)/A{k) of G for all abelian /c-varieties A (i.e. corresponding 
to all pure 1-motives) are contained in the irreducible object J^]^/^ of C. 

Suppose from now on that n = oo. 

One has the faithful forgetful functor C Smcik) admitting a left adjoint functor of extending 

of coefficients to F: Smcik) C, where Smcik) is the category of smooth representations of G 
over k, so W ^ ior{W -^)- The functor F<Sik is not full and does not respect the irreducibility. 

However, if W is irreducible, there is an irreducible semi-linear quotient V W <^ F with an 
inclusion W C V, so any irreducible object of Smc is contained in an irreducible object of C. 

This gives a hint that it might be sufficient for the study of some categories of Q-linear repre- 
sentations of G to know the structure of some "relatively small" full sub-category of C. 
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The following claim suggests the category C is "more complicated" than Icik). However, this 
should be compaired with Lemma 13.31 

Lemma 3.1 ( |R3j . Lemma 0.1). The functor Zdk) C is fully faithful. 

Another, though a weaker, but a little bit more explicit condition on the semi-linear quotients 
oi W ® F for W G is given in the next section 13.11 

3.1. Valuations and associated functors ( |R6j ) . In order to associate functors on categories of 
A;- varieties to representations of G one can try to "approximate" rings by their subfields. Evidently, 
this does not work literally, but apparently works in the case of discrete valuation rings of F. 

Let V : F^ /k^ — > Q be a discrete valuation, be the valuation ring, m„ = 0„ — be the 
maximal ideal, and k{v) be the residue field. Denote by Vf the set of all such valuations. 

Set Gy := {a £ G \ (t{Ov) = O^}. This is a closed subgroup in G. The G^-action on k{v) induces 
a homomorphism G„ — » G^i^y}.. 

Proposition 3.2. For any discrete valuation v G Vp the additive functor {—)v ■ Smc — > Smc^, 
W 1-^ := X^F'cOi, W^^/^' C W , is fully faithful and preserves surjections and injections. 

Then the additive subfunctor T : Snic — >■ Smc of the identity functor, defined by i— > 
r(iy) := Cl^^-pp Wy, preserves injections. 

Example. r(O^y^) = ^^{A{F)/A{k)) ^EndA ^i^^^A/k'^' where A runs over the set of isogeny 
classes of simple abelian varieties over k. 

Lemma 3.3. The compositions Icik) C Smcik) andXc ^ Smc — ^ Smc are identical. 

Remark. This implies that any semi-linear quotient V oiW ® F with W G (in particular, 
any irreducible semi- linear representation V containing a "homotopy invariant" representation), is 
"globally generated", i.e., TiV) ® F — » V is surjective. 

This is the condition one can impose on the class of "interesting" semi-linear representations. 
There are some reasons to expect that {—)v is exact, cf. |R6j . This would imply some nice properties 
of the category of "globally generated" semi- linear representations. 

3.2. Admissible semi-linear representations. In the study of representations of any group, it 
is natural to start with the finite-dimensional representations. 

Theorem 3.4 f ^Rl l. Any finite- dimensional smooth semi-linear representation of G over F is 
trivial, if n = oo. 

A natural extension of the notion of finite-dimensional semi-linear representation in the case 
n = oo is the notion of admissible semi-linear representation. 

Definition. A smooth semi- linear representation V of G over F is called admissible if, for any 
open subgroup U G, the fixed subspace V'^ is finite-dimensional over the fixed subfield F'^ (or 
equivalently, dim/, 1/*^^/^ < oo for any subfield L C F of finite type over k). 

Theorem 3.5 ( |R21 IR3] ) . The admissible semi-linear representations of G over F form an abelian 
tensor (but not rigid) category, denoted by A. 

The functor H^{Gp/i, — ) is exact on A for any subfield L Q F , so F is a projective object of A. 

The latter give an example of an admissible semi-linear representation. 
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Example. Let the ideal m C F <^qF be the kernel of the multiplication map F <8>q -F — > F. 
Consider the powers of the ideal m as objects of C with the ^-multiplication via F (g)^ Q. Then 
m*/m*^^ _ Syni|,r2]^, and the objects SyuipUp^^ are admissible for all s > 1. 

In the case k = Q, the field of algebraic complex numbers, the category A is equivalent to 
the category of "coherent" sheaves in smooth topology Sm^ on k. (The underlying category of 
Srrifc is the smooth morphisms of smooth /c-varieties, and the coverings are coverings by images; 
"coherent" means: a sheaf of O- modules such that its restriction to the small Zariski site of any 
smooth A:-variety is coherent.) Moreover, A admits the following explicit description, cf. jR3j . 

• The sum of the images of the i^'-tensor powers (^^* m under all morphisms in C defines 
a decreasing filtration W* on the objects of A such that its graded quotients gr^y are 
finite direct sums of direct summands of Q,p. This filtration is evidently functorial and 
multiplicative: {WWi) <g)F iWW2) C WP+i{Vi (g)^ ^2) for any p,q>0 and any Vi,V2 e A. 

• ^ is equivalent to the direct sum of the category of finite-dimensional A;- vector spaces and 
its abelian full subcategory A° with objects V such that = 0. 

• Any object V of A° is a quotient of a direct sum of objects (of finite length) of type 
0^(m/m'*) for some q,s>l. 

• If y € ^ is of finite type then it is of finite length and dim^ Ext^(y, V) < 00 for any j > 
and any V e A; if V G A is irreducible and Ext;4(m/m'?, 1/^) / for some q > 2 then 
V ^ Sym^n^p and Extj4(ra/m9, V) ^ k. 

• A° has no projective objects, but (^l^m are its "projective pro-generators": the functor 
Homc(0|,m, — ) = limHom^(0|,(m/m^), — ) is exact on A for any q. 



Representations of particular interest are admissible ones. Though tensoring with F does not 
transform them to admissible semi-linear representations, there exists a similar functor in the 
opposite direction, faithful at least if k = Q,. 

It is explained in |R3j . that when A; = Q, for any object V of A and any smooth A;- variety 
y, embedding of the generic points of Y into F determines a locally free coherent sheaf Vy on 
Y with the generic fibre . Moreover, for any dominant morphism X Y of smooth 

A;- varieties, the inclusion of the generic fibres k{X) ®fc(y) y'^^'/fcCy) C induces an injection 

of the coherent sheaves tt*Vy ^ Vx on X, which is an isomorphism if vr is etale. 

For any V A the space T{Y,Vy) is a birational invariant of smooth proper Y. Then we get a 

left exact functor A — > Smcik) given hyV^ limr(y, Vy), where Y runs over the smooth proper 

models of subfields in F of finite type over k. In general, TiV) is not admissible. 

The functor F coincides with the composition of the forgetful functor to the category of smooth 
representations of G with the functor F from ^3.11 The functor F is faithful, but it is not full, and 
the objects in its image are highly reducible, cf. Example on p|SJ 

Conjecture 3.6. (1) The functor Homc(®|,m, — ) is exact on A for any (7 > 0. 

(2) Irreducible objects of A are direct summands of the tensor algebra (^^$7]^^^. 

(3) A is equivalent to the category of "coherent" sheaves on ©rrifc. 

As another evidence for Coniecture l3.(il (P|l. in addition to the case A: = Q, it is shown in |E,2j that 
for any L C F purely transcendental of degree m over k and any V & A any irreducible subquotient 
of the L-semi-linear representation V'^^/'^ of PGLm+iA; is a direct summand of ^i/fc- 
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As there exist smooth non-admissible irreducible semi-linear representations, cf. |R2j . §4.2, one 
cannot replace the category A in the part © of Coniectm'e 13.61 bv the whole category C, and has 
to put some additional conditions, e.g. the one mentioned in ^3.11 

Remark. Assuming the part ^ of Conjecture 13.61 one can reformulate Conjecture 12.71 in the 
following linguistically more convencing form: 

Any irreducible object of Adm (and oflc) is contained in an irreducible object of A. 
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Appendix A. A construction of a separable closure of a transcendence degree 

ONE extension OF AN ALGEBRAICALLY CLOSED FIELD OF POSITIVE 

CHARACTERISTIC 

The following claim is a refinement of Proposition 4.1 of |Rlj . 

Proposition A.l. The G°-modules F/k and F^/k^ are irreducible if either char(A;) = 0, or 
2 < n < oo. If n = 1 and char(A;) ^ then the G°-orbit of x generates the separable closure of k{x) 
in F for any x F. 

Proof. Let A be the additive subgroup of F generated by the G°-orbit of some x £ F — k. For 
any y £ A — k one has = — ^q:^. As ^T^rr ^^^^ the G°-orbit of y, this implies 

that € A. As for any y,z £ A one has yz = \{{y + z)"^ — {y — z)"^), the group A is a subring of 
F, if char(fe) / 2. 

Let M be the multiplicative subgroup of F^ generated by the G°-orbit of some x € F — k. Then 
for any y, z £ M one has y + z = z{y/z + 1), so if y/z ^ k then y + z & M, and thus, M|J{0} is a 
G°-invariant subring of F. 

Since the G°-orbit of an element x (z F — k contains all elements of F — k{x), if n > 2 then each 
element of F is the sum of a pair of elements in the orbit. Any G°-invariant subring in F, but not 
in k, is a /c-subalgebra, so if n = 1 then GslI{F/Q{G° x)) C G° is a compact subgroup normalized 
by G°. Then by Theorem 2.9 of [Rl] we have Gal{F/Q{G°x)) = {!}, i.e., the extension F/Q{G°x) 
is purely inseparable. As any element of Q{G°x) is the fraction of a pair of elements in 'E[G°x] and 
for any y ^ F — k the element 1/y belongs to the G°-orbit of y, the Z-subalgebra generated by the 
G°-orbit of x coincides with F, if char(/c) = 0, or 2 < n < oo. 

Let us show that k{G°x) is a separable extension of k{x), equivalently, that if x = x for some 

> 1 then k{x, ax) is a separable extension of k{x). Let P{x^ ax) be a minimal polynomial. Then 
Pidx + Piid{ax) = G ^\[xax)/k'' where either P/ ^ 0, or Pu 7^ as otherwise P = for 
another polynomial Q. If Pu 7^ then k{x,ax) is a separable extension of k{x). If P/ 7^ then 
k{x,ax) is a separable extension of k{ax), and thus, k{x,a~^x) is a separable extension of k{x). 
Then k{x, a~^x, . . . , a^^^^^^x = ax) is a separable extension of k{x). □ 

Appendix B. The "Kunneth formula" for products with curves 
Define a G-homomorphism 

Q[{k{X) Ofc k(Y) ^ F}] ^ Gk(x) ® CkiY) by r ^ T\k[x) ® T\k(Y) ■ 

It is shown in |Rlj that a is surjective, which gives a surjection Ck(xx^.Y) — ^ C'fc(x) Ck(Y)- 

/k ~ 

For arbitrary A G Gk(x) B G Ck(Y) choose some liftings A G Q\{k{X) ^ F}] and B G 

Q[{A:(y) ^ F}] such that all embeddings from A and from B are is pairwise general position.^ 

jk 

One has to check that the class of A x i? G Q\\k{X Xk Y) ^ F}] in Gfc(xxfcy) is independent 

of the choice of A and B. If some other liftings A' G Q[{k{X) ^ F}] and 5' G Q[{k{Y) ^ F}] 

are defined similarly, choose some lifting B G Q[{A;(y) ^ F}] of i? such that all embeddings 
from A and from B" , as well as from A' and from 5", are in pairwise general position. Then 
Ay.B-A'y.B' = {A-A')xB" + Ax{B- B") + I' x {B" - B'). 

^First, choose arbitrary A and B. For each point P of the support of B choose a generic curve C passing through 
P, on which P is a generic point with respect to a field of definition of C . Replace P by a linearly equivalent linear 
combination of points of C in general position with respect to A. Then we get the desired B. 
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N Ik 

Thus, one has to check the fohowing condition if the class of ^ ajTj G Q[{A;(X) ^ F}] 

Ik 

in Cfc(x) is zero and all Tj are in general position with respect to a : k(Y) ^ F then the class of 

N Ik 

7 := ^ ai{Ti,a) E Q[{k{X Y) ^ F}] in Cfc(xxfcy) is zero. Also, one has to check the condition 

i=l 

By definition of the functor X, there exist purely transcendental extensions L'jLj, elements 



Ik G 



aj G f^[{k{X) ^ F}]"^/^^ and G G^/l, such that ^ ^i-^i = Ei(0"i 



AT 



a, 



If fj is in general position with respect to the compositum L of all Ti[k{X)) then there exists 
K G Gpji such that Ka =: a' is in general position with respect to the compositum of all L'j. Then 
y := K7 = J2t aiin, a') = Y^ji^jOij - aj) a'. Set Kj := Lja'{k(Y)) and := L^.fT'(A;(y)). Then 

Ik G / 

ctj (8)0"' G Q[{k{X x^y) F}] ^'^^J , Kj is a purely transcendental extension of Kj, and there exist 
S,j G Gpi„i(^k(Y)) such that ^^ j/^/ = Cjli' • This implies that 7' = '^j{i'j{aj <8> cr') - Oj ® a') belongs, 

Ik 

by definition of the functor I, to the kernel of the projection Q[{k[X Xj^Y) F}] — > G}.(^xxkY)i 
and therefore, the same is true for 7. 

Let us check that the conditions *x,Y and *y,x are equivalent. Consider a generic curve G on 
y, passing through a, defined over a field containing the compositum of all Ti{k{X)). Then a is 
linearly equivalent to a linear combination (3 of generic points of C (which are therefore generic 
points of y). Then the image of 7 in Cj^i^xxhY) coincides with the image of ajTj x (cj — /?), which 
shows the implication *y,x =^ *x,y- 

Example. Let us check the condition in the case, when X is a smooth proper curve. Let 
K = a{kiY)). Then Yli^i'^i is a generic divisor on the curve Xk over K, linearly equivalent to 
zero. According to Lemma 6.18 from |Rlj . the Gj7//^-module of generic divisors on Xk over K, 

M 

linearly equivalent to zero, is generated by the elements wm = J2 i^i ~ '^'j) fo'^ all M » 0, where 
(fji, . . . , ua./; c'li • • • , (^'m) is a generic F-point of the fibre over of the morphism X^ X^ — > 

M 

Vic^Xk, sending (xi, . . . , xm; yii • • • > Um) to the class of ^ {xj — yj). Clearly, the compositum of all 

aj{k{X))aj{k{X)) is in general position with respect to K. The same is true for any other element 
in the Gp/ K-oi:hit oi wm- Therefore, as we have already seen above, the image of X^jaj(Ti,cj) in 
Ck{XxkY) is zero. 



Thus, one has a canonical G-module surjection C^f^x) ® G^y) — » G^xx^Y)-: at least if X is a 
curve, ^ and the composition Cfc(xxfey) — C'fc(x) ®J Gi^^y) — ^ ^'^(xxfcy) is identical. 



■^and also if Ck(x) ~ CHo{Xf)q and the transcendence degree of k is infinite (or if the same is true for algebraic 
closures of all extensions of k of finite type): ain £ Q[{K{X) > F}] is rationally equivalent to zero; as tr.deg(fc) = 
00, one has IfKQ[{K{X) ^ F}] = C Ho{Xf)q (identify k with K by an automorphism of F identical on the field 
of definition of X), i.e. a^n, <y) belongs to the kernel of the composition 'Q[{K{X) '-^ F}] Q[{fc(X XkY) '-^ 
F}] X/,M{k{X Xfe y) ^ F}] C7fc(xx,y). 
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Appendix C. Differential forms 
Proposition C.l. Let (^k he a subfield. If i < n then HomG'(r2^, fi-j^^^^) = ^'^i.jl^ © ^l/fco"^ ' ^' 

IlomG{^F,F) = for any n > 1; HomG(5r2^/;.^ j^g, f^^/^J = ^'kj^o' ^^^Gi^p/k^^iog) = /^^^ 
1 < q < n. 

Proof. For i < n the G-module is cyclic and generated by := xodxi A • • • A dxj for 
some algebraically independent elements xq,... ,Xi € F — k. The space Q ■ rj C is stable 
under the subgroup H := G^p^QXxg.Q>^xi+Q,...,Q>^Xi+Q}/k C G and acts via its quotient (Q^)*^^. 
For any ip G RomGi^pMp/kJ the form u = ip{r]) is G{p^^^+Q^_^^^+Qyk( 

^.g) -invariant, so w — 

J2 ^5 A dxs^ A • • • A dxs, for some xs S /c(xo) Ofe ^wfe* • 

S={0<si<-<st<i) 

The (1, . . . , 1) weight subspace in 0s'=(o<si<...<st<i) f^{xo)'^k^l'jlg^dxsj^A - ■ • Adx^t with respect 
to the action of homotheties (Q^)*^^ coincides with XQ-f^^y^^^ Adxi A- • • AdxiSJl^y^"^ Adxo A- ■ -Adxi, 
so u = xi A ?7 + X2 A d?] for some xi € f^'^/^g and X2 G ri-^y^^"*^, and therefore, ip = >ci A +X2 A d 
(modulo nl^AQ^^). 

It follows from the above that Home (A; (8)z exact > ^F/fco ~ ^' Check now that any ip G 
HomG(i^^, ^^/^q) factors through J^^y;^ — >■ ^^/fcg- Fo'^ any a G A; and xi, . . . , G F algebraically 
independent over k one has ip{a ■ dxi A • • • A = ip{d{axi) A • • • A = 0, so ip{xi ■ da A dx2 A 
• • • A dxn) = 0. Clearly, xi ■ da A dx2 A ■ ■ ■ A dxn for all a G are generators of the G-submodule 
da A 17^"^ of Vt'^p. This implies that HomG(l^?^, ^fju^) = ^o^ciH^^/kiF), ^F/fco)' 

More particularly, let (p G Houici^p, F). For any L C F over which F is of transcendence 
degree one HomG(r2^,F) C HomCp^j-i^p, F) C HomG'^^-^(f^2~^ ®^ f^Fi-f")) so we may assume 
that L = k and n = 1. Let DIvq := lim Div°([L])Q, PIcq := lim Pic°([L])Q and -f^^j^/^ ^ 
lim H^^^j^([L])q, where [L] denotes a smooth proper model of L over k, cf. |Rlj . p. 182. Then 

HomG'(PicQ, F) = HomG'(ff^j^y^ ^, F) = 0, since if lo from PIcq or from H^^^j.^ is fixed by some 
Gp/p and sent to / G L then trj;^/^/a; i— > trp/p/f = [L : L'] ■ f for any f £ L' L purely 
transcendental over k, over which L is algebraic, but tr p^p/uj = 0. So from the short exact sequences 

Hln/k,c ^dR/fc(^) ^ Div^ C5 ^ and ^ Fx/fcx ^ Div^ Pic^ ^ 0, we 
get HomG{Hl^/,{F),F)=0. 

The form uj = A • • • A is a generator of the G- module ^'p/j.g i^g- A G-homomorphism 

Q'p^f^^] . As Stabo; D (^F/fco) 

^'(xi,...,x,)/fco- ^' = Y.iril A ^ for some ?]/ G k{xi, ...,Xq)®k ^l/ko ^^^^ (Q'')'' one has 
r]i G f^'/feg- As is fixed by SLg(Z) one has uj' = r]i^,„^q A ^ A • • • A where r/i,...,g G f^'/fc^,- □ 

According to [DI, /^^^/.(F) := coker[f7^7^ ^ f^F/fc,cioscd] = limIHI5(^,f^^/fc(logi?)), where 
{X, D) runs over pairs consisting of a smooth proper variety X with A;(X) C F and a normal 
crossing divisor D on X with smooth irreducible components. Moreover, the Hodge filtration on 
O^y^(logZ)) induces a descending filtration on H^^^^{F) by /c-linear representations of Gp/^ with 

the graded quotients limf/'P(X, r2^^,(logD)), where (^, -D) runs over pairs as above. 

The weight filtration on J7^^^(logF') induces an increasing filtration W,H^^^i^(F) on H'^^i^{F). 
In particular, -f^^R/fc,c(-^) ^i^AK/k^^) image in ff^j^^^(F) of lim where X runs 

over smooth proper models of subfields in F of finite type over k. Clearly, this is an admissible 
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representation over k. Again, the Hodge filtration on ^*x/k induces a descending filtration on 
^In/kJ^^) ^i*^ graded quotients H^j^J^^ = limcoker[i7P-i(i:>, J^^"/^"^) — > HP{X,n'^~p], 
where {X, D) runs over pairs as above. More particularly, H'^/j^. = ^^^/^ ^eg ^dR/k c(-^)" 

Proposition C.2. Suppose that the cardinality of k is at most continuum. Fix an embedding 
L : k ^ C to the field of complex numbers. Then 

• there is a non-canonical <Q-linear isomorphism H^p'jp. = H'^J^^, and a C-anti-linear canonical 
isomorphism (depending on l) H^pjj^ ®k,b C = H^^j^ (8)^^^ C; 

• the representation H^^^j^ ^{F) is semi-simple for any 1 <n < oo. 

Proof. 

• The complexification of the projection FPH^^1^{X) — » H'^{X,Q^^^) identifies the space 

FPH^+lj^iX) C n F'^HP+J^iX) ^k,,C with H^iX, f]^/ J 0^,, C, where F' is the Hodge 
filtration. Then the complex conjugation on HP+'i{X, {C),C) = HP+i{X,{C),R) Or C iden- 
tifies Hi{x, j^^/j c with ijf (x,(c), J)^^(c)) = HP{x, nj^/^) (^k,c c. 

• The semi-simplicity of H^j^^/^ ^{F) is equivalent to the semi-simplicity of the representation 

C ^k,i. ^dR/fc c(-^) ~ ®p+q=n^ Hpjk °^ latter note that there is a positive 

definite G-equivariant hermitian form (C ^k,t ^p/k^ '^td,c,c (C 'S^k.i. -f^]!'//,.) — ^ 'C(x), where 
c is the complex conjugation and x is the modulus of G, given by {u, rf) = ^^-^ A 
V ■ [Gp/kiX)] for any u;, 7? € = C ^^nm(^' ^^x/fc) ^ C ®k,. HpJ^. Here 



tP,<1 
prin 

— , HP'i{X,{C)) for all desingularizations D of all divisors on X,{C). □ 



Hp^lj^iX i^{C)) denotes the subspace orthogonal to the sum of the images of all Gysin maps 



Let us check that the sequence — > H^^^j^iX) © A; (g) {kixy/k"") ^ Hl^^i^{k{X)) ^ 
k (g) Pic^{X) — > is exact, where for any divisor x G X^ the residue reSjjO; is defined, and gives 
rise to the map H^^^f^{k{X)) k (g) Div(X). 

The map i sends a pair (w, a (g) /) to uj + ad log/, and has trivial kernel, since the residue map 
is trivial on H^^{k(X)/k) and injective on k (gi {k{X)^ /k^). If the residues of a; € H^^ij^{k{X)) 
are zero then integration along a loop depends only on its homology class in Q). There 

is an element r] of H^^j^^X) with the same periods as a;, so integration of a; — 77 along a path 
joining a fixed (rational) point with the variable one is independent of a chosen path, and defines 
a meromorphic (i.e. rational) function. This gives exactness in the middle term: Imf = Keri?es. 

For any pair Di, D2 of algebraically equivalent effective divisors on X there is a smooth projective 
curve C, and an effective divisor D on X x C, such that prjs^ : D — > X is generically finite and 
for some points P,Q e C one has Dp — Dq = D\ — D2. 

Since dim^ r(C, 0^(P + Q)) = dimfcr(C,f)^) + 1, r(C,0^(P)) = V{C,n\.{Q)) = r(C,Qj;), 
there exists a 1-form <^p,q such that Res{ujp^Q) = P — Q. 

Set CO = pix^{ip^c'^p,Q)\D)- Then Res{uj) = Di — D2. So the image of Res contains the 
algebraically trivial part of the group of divisors with coefficients in k. This also shows that 
UJ G A^iJ7^j^y^(/c(X)). Since Res commutes with restriction to a curve, Res{oo) ■ C = Res{u!\c) £ 
CHo{X), deg{Res{Lo) • C) = by Cauchy theorem, NS{X)q CHi{X)Q/hom — > Q is non- 
degenerate, Res{u) = 06 i?2(X,Q). Thus, the map Res is well-defined and surjective. □ 
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Proposition C.3. The representation f^p^/^ closed O'dfnits the following description for any 1 < n < 
oo. Let H^^^^^^iF) := kei[Hl^^^{F) ^ A; ® Div^]; Pic^ := coker[Fx/A;^ ^ Div^.^ Then 
PicQ = Qj^A^ik) 'X'End(A) (^(-^)/^(^)); where A runs over the isogeny classes of simple ahelian 
varieties over k. 

• The maximal semi-simple subrepresentation of G in f^]^^^ closed ^"^ canonically isomorphic to 

r(A, ^End(A) {A{F)/A{k)) = (F/k) © k (FX/fc") © ^'F/k,re,, 

A 

where A runs over the isogeny classes of simple commutative algebraic k-groups. 

• The maximal semi-simple subrepresentation of G in H^j^^i^{F) is canonically isomorphic to 

0^dRA(^) ®End(A) {AiF)/A{k))=k^{F^/k'<)eHl^/,^^{F), 

A 

where A runs over the isogeny classes of simple commutative algebraic k-groups (with the 
zero summand corresponding to Ga)- 

• The representation H^j^^i^{F)/{k (E) {F^/k^)) of G is canonically isomorphic to 

0[//iR/,(fc(A))/(A: (kiAr/k^))] ®End(A) iA{F)/Aik)), 
A 

where A runs over the isogeny classes of simple abelian k-varieties. 
Proof. Follows from the above and from (evidently modified) Proposition 3.11 of |Rlj . □ 
Corollary C.4. Let QQ kQ Q k. Then Endfcg[c](r2]^^^ ^j^^^^) contains 

Hom,„[G](^^F/fc,eiosed>^F/;c,reg) = 11^0^,0 [H\^/MA))/k © {k{Ar / k^) ,T{A, Q],^,) 

A 

and Endfcy[fj](i?jj^^^(-F)) contains (properly, if k is transcendental over Q and ko C Q) 

Hom,3[G](^iR/fc(i^),^dR/A:,c(^)) = IlHomfeo {Hl^/MA))/k ® (A;(^)" A"),^]ra(^) 

A 

where A runs over isogeny classes of simple abelian varieties over k. 



Proof. As there are no subobjects of H^^^^ ^(F) isomorphic to F^ /k^ 



Homfc„[G](^dRAX^), i^dR/;c,c(^)) = Hom,„[G](i?]R/,(F)A ^ 

so applying Homfc,[G](-ff]R/fc(F), -) to — > ^^dR/fc,c(^) — ' ^dR/ki^) ^ k Div^ — ^ we get 
the inclusion. On the other hand, the Gaui3-Manin connection induces an embedding Der(/c) ^ 
EndQjgj(-ffjj^^^(F)), which does not factor through }iomQ{H^^^i^{F), H^j^^^^ c(-^)) unless it is zero, 
i.e. kCQ. □ 

Remark. Clearly, the projection f^]r/fc,ciosed — ^ ^F/fc,ciosed/^F/fc,reg ^P^^*- However, there is 
no natural splitting. 



"^cf. p. 182 before Proposition 3.11 of |KT] 
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Appendix D. Alternative descriptions of "homotopy invariant" representations 



D. l. "Homotopy invariant" representations as non-degenerate modules. We set := 

lim E[G/U], where, for a field E of characteristic zero, the inverse system is formed with respect 

< — u 

to the projections E[G/V] E[G/U] induced by inclusions V C U o{ open subgroups in H. For 
any G Dg, any a E G and an open subgroup U we set 

u{aU) := coefficient of [all] of the image of u in E[G/U]. 

The support of u is the minimal closed subset S in H such that u{aU) = if all f]S = $. Define a 
pairing x W — > W for each smooth E'-representation W of H by {u, w) i — > Z^o-gG /V i^{o'V)-aw, 

where V is an arbitrary open subgroup in the stabilizer of w. When W = E[G/U] this pairing is 

compatible with the projections rvu^ so we get a pairing D^; x lim E[G/U] — > lim E[G/U] = Dg, 

< — u < — u 

and thus an associative multiplication D^; X D^; — > D^; extending the convolution of compactly 
supported measures. 

If n = oo then the action of the associative algebra D^; on any object of Ig{E) factors through 
the action of its quotient := hm Cl, since the morphism E[G/Gf/l] '^e W'^^/^ — >■ W of 

< L 

representations of G factors through I{E[G/Gf/l] ®e W^''/^) = Cl® W^'''^ — > W. 

For any compact subgroup U in G the action of its Hecke algebra 7iE{U) := hjj *T)e * hjj on 
factors through the action of its quotient Ce{U) := hjj * Ce * hjj in Ce for any W G Xg{E). 

E. g., if is purely transcendental over L and L is of finite type k then Ce{U) = C^^ ® E. 

G 

Let Tix '■= lim lim C'x, ^^'^ be the associative idempotented algebra without unity. The images 
K — > < — L 

Hk of the Haar measures onGE/K for purely transcendental extensions K of subfields of finite type 
over A; in F over which F is algebraic, are projectors in the algebra Hx- Then the category 
Tq is equivalent to the category of non-degenerate modules over Tfj, i.e. such modules W that 
W = TiiW . The algebra Tij is isomorphic to the Hecke algebra (of locally invariant measures with 
compact support) of neither locally compact group, since any, e.g. finite-dimensional, subspace in 
hm C2 is a left ideal in Hx, which never happens in the Hecke algebras. 

< L 

D.2. A locally compact "dense subgroup" of G and a description of Tq, etc. In the case 

n = oo the category Tq admits also a description in terms of a locally compact group. 

For a descending sequence L, = (Li D L2 D .^3 D . . . ) of subfields in F set H = Hl, = 
U GE/Lm,- t^^^ subgroups Ge/Li{s) C H for all finite subsets S in F as a base of open 

m>l 

subgroups. 

• We want i7 to be a dense "subgroup" of G, so we ask that nm>i -^"i ~ ^- '^^^^ implies 
that the forgetful functor Smc — ^ H-mod is fully faithful.^ 

• Further, we want H to be locally compact and therefore we ask F to be of finite transcen- 
dence degree over Li. Then H is indeed locally compact, but not unimodular. 

• If L'^ is an infinite subset in L, then clearly He, = -ffLi- We want the topologies on He, 
and on H^'^ to be the same. For that we ask Li to be of finite type over for all m > 1. 



Let H be a locally compact group. If there is a non-zero finitc-dimcnsional left ideal a in the Hecke algebra of H 
then the common support of the measures in a is compact and left- invariant, and therefore, H is compact. Then the 
smooth representations of H are semi-simple. 

^Proof. Let W, W' G Sma, a G Homjf (Ty, W), v £ W and a e G. Let U be the common stabilizer of v and a{v). 
Choose some a' <E H f] all. Then a{av) = a{a'v) = a'a{v) = aa{v). □ 
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• The inclusion of H into G is a continuous homomorphism, so the forgetful functor Smc — ^ 
H-mod factors through Smc — > SniH- It admits a rig ht adjoint W ^ limnm>i VF'^^/^^™, 
where L runs over subfields of finite type over A; in F. The G-action is defined as follows. 
li w & Vr*^^/^^™- and a & G then aw := a'w, where a' G H and a'li = <t|l- Clearly, this is 
independent of a' . 

• Suppose that Lj is purely transcendental over Lj+i for any j » 1. As any admissible 
representation of G is 'homotopy invariant', the forgetful functor induces Admc — > Admn- 

In particular, the effective motives modulo numerical equivalence form a full subcategory in 
the category of graded semi-simple admissible iif-modules. Note, that as the category of graded 
semi-simple admissible if-modules of finite length is self-dual, arbitrary motives (not necessarily 
effective) modulo numerical equivalence can probably be realized in that category. 

Let Xh be the full subcategory in Smn whose objects W satisfy the "homotopy invariance" 
condition W'^^/^^"^ = Vl^^^'/^i-mCS') for any m > 1, any extension L of A; of finite type in F and any 
transcendence basis S F over LL^- 

Example. Choose a transcendence basis {xi,X2, . . . } of F over k and set -/^rn — ki^x^^ Xrn-\-i^ . . . ). 

Geometrically, this corresponds to an inverse system of infinite-dimensional irreducible varieties 
given by finite systems of equations. They are related by dominant morphisms affecting only finitely 
many coordinates. 

It follows from Lemma 2.15 of Rl that H = Gp^j^ ■ H° . 

Proposition D.l. The forgetful functor Smc — > Srajj induces the following equivalences of 
categories: Iq o-nd AdniQ — — Xh H Admn- 

Proof. We need to construct an inverse functor Zh — > Zq- In particular, for a given W G Ih, 
V €W and a £ G, we want to define av. 

There exist a subfield L C F of finite type over k and an integer m > 1 such that the stabilizer 
of V contains Gpji^i^^^^. Let LLm = L'Lm', where L' (Z F is of finite type over k, and L' and L^' 
are algebraically independent over k. 

Let > m' be an integer such that L'a{L') and Lj\f are algebraically independent over k. Take 
any a' G Gp/Lf^ such that o-'j^/ = crj^/ and set av := a' v. One has v eW ^Z^'-^™' = W ^/'-'^n ^ so 
av is independent of particular choices of N and of a' . 

G I Gil 

Now we check independence of L' . Suppose that v £ W ^'^'^m' n W ^/^"^m" . Since v G 
G lit 

W ^ ^m'+m" ^ it suffices to treat the case L' C L". As above, we choose an integer N > m" 
such that L"a{L") and Ljy are algebraically independent over k, and some a" G Gpjij^ such that 
= Then a" can also serve as a cr', i.e., a"v = a' v. 

This gives us a map GxW — > W. Clearly, this is a linear action, and the stabilizer of v contains 
the open subgroup Gp/ii, and thus, W becomes an object of Iq- □ 

Remarks. 1. There are admissible representations of H outside of Ih, e.g. Q{p) for any non- 
trivial character p of H. 

2. Ih is closed under subquotients and direct products,^ but not under extensions in Smu- As 
any morphism from W G Smn to an object of Zh factors through the canonical map to the direct 
product over all morphisms from W to representatives of all isomorphism classes in Zh, there is a 
functor Z : Smn — > Zh left adjoint to the inclusion Zh ^ Smn- 

3. AdniH is a Serre subcategory in Smn- 



the direct product of a family of smooth representations is the smooth part of their set-theoretic direct product 
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